Let a ∈ (−∞, −1), let fa be the complex exponential mapping z → e z +a, and let J(fa) denote the Julia set of fa. We show the radial Julia set {z ∈ J(fa) : f n a (z) → ∞} has topological dimension zero. For Fatou's function f (z) = z + 1 + e −z , we show the entire non-escaping set {z ∈ C : f n (z) → ∞} is zero-dimensional. These results provide some insight into the question of whether the escaping sets are Fσ.
Introduction
For each a ∈ (−∞, −1) define f a : C → C by f a (z) = e z + a. 1 Let J(f a ) denote the Julia set of f a , and let I(f a ) = {z ∈ C : f n a (z) → ∞}. Then J r (f a ) = J(f a ) \ I(f a ) is the radial Julia set of f a ; see [7, Section 2] . By [7, Proposition 2.4(c) ], we also have that J r (f a ) = E(f a ) \ I(f a ), where E(f a ) is the set of all endpoints of maximal rays in J(f a ).
The Hausdorff dimension of J r (f a ) is greater than 1 (see [15, Theorem 2 .1] and [9, Theorem 2]), which is compatible with the possibility that J r (f a ) has topological (e.g. inductive) dimension greater than 0. However, in this paper we will prove J r (f a ) is topologically zero-dimensional. It follows that J r (f a ) ∪ {∞} is also zero-dimensional. This strengthens a 2018 result by Vasiliki Evdoridou and Lasse Rempe-Gillen, which states that J r (f a ) ∪ {∞} is totally separated [7, Theorem 1.2]. It also reveals a strong topological dichotomy between the escaping and non-escaping endpoints of J(f a ). Every clopen neighborhood in E(f a )∩I(f a ) is unbounded [2, Theorem 1.3], whereas our result shows that each point of E(f a )\I(f a ) has arbitrarily small clopen neighborhoods.
We also consider Fatou's function f (z) = z + 1 + e −z . Its radial Julia set is equal to the entire non-escaping set C \ I(f ), and again the Hausdorff dimension of J r (f ) is greater than 1 [11, Theorem 3.1]. We will show that a remark in [6] can be combined with our methods for J r (f a ) to prove J r (f ) ∪ {∞} is zero-dimensional. This improves [6, Theorem 5.2] , which states that J r (f ) ∪ {∞} is totally separated. As applications, we will show f a and f contain minimal mappings of the irrationals, and certain geometric F σ representations of their escaping sets do not exist. The latter is related to a question by Philip Rippon [14, Problem 8 ].
Preliminaries
A topological space X is:
totally separated if for every two points x, y ∈ X there is a clopen set containing x and missing y; zero-dimensional at x ∈ X if x has a neighborhood basis of clopen sets; zero-dimensional if X has a basis of clopen sets. For separable metrizable spaces, zero-dimensional is equivalent to: For every two disjoint closed subsets A, B ⊆ X there is an clopen set C ⊆ X containing A and missing B [5] . This property is called strongly zero-dimensional.
Let X ⊆ C. If X is homeomorphic to [0, 1], we say X is an arc. If X is homeomorphic to [0, ∞), then X is a ray. And if X is homeomorphic to the circle S 1 = {z ∈ C : |z| = 1}, we call X a simple closed curve.
The Julia sets J(f a ) and J(f ) are each unions of uncountably many mutually separated rays extending to the point ∞. Results in [1] show that J(f a ) is a Cantor bouquet in the following sense. A closed set A ⊆ C is called a Cantor bouquet if it is ambiently homeomorphic to a straight brush
and for each α ∈ P there exist (β n ), (γ n ) ∈ P ω such that β n ↑ α, γ n ↓ α, and t βn , t γn → ϕ(α). Here, P = R \ Q is the set of irrational numbers. By an ambient homeomorphism between A and B, we mean a homeomorphism h :
The Julia set of Fatou's function has the same internal structure as J(f a ), in that its one-point compactification J(f ) ∪ {∞} is a smooth fan with a dense set of endpoints [11, Proposition 2.6 ]. Results in [1] again show that J(f ) is ambiently a Cantor bouquet, in the sense of our definition above.
Results

The dimension of
Notice that A(f a ) ⊆ I(f a ).
The key result in [7] is [7, Theorem 3.1], which basically says
The following is implicit in its proof. Lemma 1. For every integer N there exists an integer K such that for every
Proof. Let N be given. In the proof of [7, Theorem 3.1], simply replace
be the maximal ray containing z, let γ 0 (z) be the finite endpoint of γ(z), and let α(z) be the length of the arc in γ(z) with endpoints γ 0 (z) and z. Since J(f a ) is ambiently homeomorphic to a straight brush, there is a simple closed curve σ ⊆ U such that the bounded component W of C \ σ contains z 0 , and γ(z) ∩ σ is a singleton for each z ∈ J(f a ) ∩ W (in particular, γ(z) ∩ W [0, 1)). Further, for each ε > 0 there is an arc σ ε ⊆ W \ J(f a ) such that the endpoints of σ ε belong to σ, and
Since z 0 is non-escaping, there is an integer N ≥ 0 and an increasing sequence of positive integers (n i ) i<ω such that |f ni a (z 0 )| ≤ N for all i < ω. Let K be given by Lemma 1 for this N . Then for each i < ω we are granted an open set Proof. For any X ⊆ C, the set of all points at which X is zero-dimensional is a G δ -subset of X. The result now follows from Theorem 2 and the fact that J r (f a ) is dense in J m (f a ). Recall that P is the set of irrational numbers, and let
denote the set of points in J(f a ) whose forward orbits are dense in J(f a ).
is topologically conjugate to a minimal mapping of P onto itself. We do not know the answer, but we are now prepared to show that certain F σ representations are not possible. By a C-set in a topological space X, we shall mean an intersection of clopen subsets of X.
Theorem 7. The set of escaping endpoints I(f a ) ∩ E(f a ) cannot be written as a countable union of sets F n ∩ E(f a ), where each F n is a closed union of maximal rays in J(f a ).
Proof. Each closed union of maximal rays in J(f a ) is a C-set in J(f a ). Further, if F n is such a set then F n ∩ E(f a ) is a nowhere dense C-set in E(f a ). The complement of countably many nowhere dense C-sets in E(f a ) is homeomorphic to complete Erdős space by [10] where each F n is a closed union of maximal rays in J(f a ).
Finally, we note that a positive answer to Question 1 would imply that the set of escaping endpoints of J(f a ) is a G δσ -space. This would imply a negative answer to [12, Question 1] : Is the set of escaping endpoints homeomorphic to Erdős space?
